We present a linear analysis and numerical simulations of the instability of optical vortex solitons ͑OVSs͒ of arbitrary topological charge. They show a rich variety of instability scenarios depending on the type of perturbation. The saturation of the nonlinearity is shown to be able to slow down the decay of multiple charged dark beams at an intermediate evolution stage and to prevent their ultimate decay into charge-1 OVSs. This concept is experimentally verified by the observation of a partial decay of a triple-charged OV beam and by comparing this dynamic with the behavior of OV beams of topological charges mϭ1, 2, 3, and 4.
I. INTRODUCTION
Recently, much attention in nonlinear optics has been attracted by the dark spatial solitons ͑DSSs͒ and, in particular, by the optical vortex solitons ͑OVSs͒ ͓1-3͔. At the phasesingularity point arising from a screw-type phase distribution, the real and the imaginary parts of the field amplitude are zero ͑i.e., also the field intensity͒. As a result of the compensation of diffraction and nonlinearity in a selfdefocusing nonlinear medium, the odd dark beam forms an OVS. From a mathematical point of view the screw-type phase profile is described by an exp(im) multiplier, where is the azimuthal coordinate. The integer number m is defined as the topological charge ͑TC͒, whereas its sign is determined by the direction of the dislocation.
Optical vortices appear in speckle fields ͓4͔, as modes in ring resonators with beam rotators ͓5͔, and can be born when a beam with a smooth wavefront passes through a Gaussianlike lens ͓6͔. Optical vortices can also be produced by computer-generated holograms ͑CGHs͒ ͓7,8͔, by spiral phase plates ͓9͔, and by specially configured blazed gratings ͓10͔ in the submicrometer and millimeter wavelength region. Several effects have been discovered in recent years that promise interesting applications for OVSs: An optical transistor effect was found in the guiding efficiency of the gradient waveguide induced by an OVS ͓11͔. The sum-frequency generation of light beams with screw-type phase dislocations offers the possibility to create vortices of different TCs ͓12͔ and provides new opportunities to construct an optical processor. Regardless of the potential applications, the generation of metastable OVSs of TCs ͉m͉у1 and the investigation of their modulational sensitivity is of increasing importance.
OVSs were first generated by using discrete ''spiral''-type phase masks ͓13͔ and by modulational instability of one-dimensional ͑1D͒ dark beams ͓14͔. However, the use of CGHs ͓7͔ is more precise and practical ͓15͔. In the case of an m-fold charged screw dislocation, the addition of a small coherent pedestal at the reproduction of the CGH gives rise to its splitting in m dislocations of charge 1 ͓16͔. A theoretical and experimental study on the propagation and decay of highly charged optical vortices in a medium with an anisotropic nonlocal nonlinearity can be found in ͓17͔. Even for an isotropic nonlinearity, the vortex dynamics of the nonlinear wave equation shows that OV beams of charge ͉m͉у2 are topologically unstable ͓18͔. The suppression of the transverse instability by saturating the nonlinearity ͓3͔ allowed us recently to generate stable OVSs with TCs up to mϭ4 ͓19͔. In order to identify clearly their formation, stability and decay are undoubtfully distinguished. This has led to the intriguing observation of a partial decay of threefold charged OVS into double-and single-charged OVSs. The latter motivated us to perform the present instability analysis.
II. THEORETICAL MODEL
The propagation of (2ϩ1)-dimensional cw optical beams in a nonlinear medium is described by the generalized nonlinear Schrödinger equation ͑GNLSE͒ ͓20͔,
where k 0 is the vacuum wave number and n 0 is the linear refractive index of the medium. E(x,y,z) is the slowly varying complex electric field amplitude, and f (͉E͉ 2 ) describes in a general form the nonlinear contribution to the refractive index
In particular ͓1,21͔, 
͑2.6͒
The last term in Eq. ͑2.6͒ introduces a TC-dependent correction to the wave number. It is shown ͓20͔ that the transverse ͑azimuthal͒ phase gradient k Ќ along with the intensity gradient ٌ Ќ (͉E͉ 2 ) rules the OV propagation dynamics. The optical equivalent of the fluid paradigm says ͓20͔ that the vortex trajectory ͑and stability͒ is affected by all other sources of k Ќ and ٌ Ќ (͉E͉ 2 ) but not by itself. Because of the discontinuity of the phase distribution at the OV beam axis, the infinitely large values of k do not have a physical meaning. This agrees with the interpretation in ͓20͔ that at the center of the vortex core k Ќ should be viewed as a local average value of k Ќ in the vicinity of the core.
Further we look at a small-amplitude solution of the GNLSE in the form
where a 2 ӶU 0 2 and ⌽(r,z) are the unknown perturbation amplitude and phase, respectively. Substituting Eq. ͑2.7͒ in Eq. ͑2.5͒, accounting for Eqs. ͑2.6͒, and keeping the linear terms of the perturbation amplitude a, we obtain the following system of equations: 
͑2.10͒
The result given by Eq. ͑2.10͒ refers to the (2ϩ1)-dimensional case of nonlinear cw beam propagation. It generalizes the known results for the 1D GNLSE ͓23͔ and for the 1D NLSE ͑see, e.g., ͓1,2͔͒. A formal transition to one transverse dimension can be done by neglecting the terms containing (1/r)‫ץ/ץ‬r and 1/r 2 in Eq. ͑2.5͒ and by interpreting r as the single transverse coordinate. In this case the conditions given by Eq. ͑2.10͒ become simpler and the critical transverse spatial frequency of the perturbation ⍀ crit is
An instability region appears at ␤gЈ(U 0 2 )Ͼ0 ͓i.e., at
2 )Ͻ0͔. For ⍀Ͻ⍀ crit , the initially small perturbation amplitude a(r,z) grows exponentially and a modulational instability develops. In other words, the modulational sensitivity grows with the critical spatial frequency ⍀ crit . Returning to the 2D case of interest in this work, we obtain
͑2.12͒
It should be noted that ⍀ crit remains inverse proportional to the radial offset from the OV beam axis. Within the vortex core ͑and especially in the vicinity of the phase singularity, i.e., at r→0) there are no rays with infinite wave numbers ͓20,24͔. Therefore, ⍀ crit must remain a quantity of finite values within the core. For the second and third saturation model given in Eq. ͑2.3͒, ͉ f Ј(U 0 2 )͉ and ⍀ crit are decreasing functions of the intensity. This confirms the general conclusion ͓1,3͔ that the saturation of the third-order nonlinearity is able to suppress effectively the modulational instability.
From Eq. ͑2.12͒ it is obvious that the increase of the TC m leads to higher values for the critical transverse spatial frequency of the perturbation ⍀ crit and, therefore, to an enhanced modulational sensitivity. In order to provide a framework to interpret an intriguing experimental observation ͑see ͓19͔ and Sec. II͒ we will formulate the following problem: Under which conditions ͑if any͒ can a charge-m OVS decay into a single-and an (mϪ1)-fold charged OVS. This does makes sense, of course, for mϭ3 or more. Intuitively, a perturbation with a transverse spatial frequency ⍀ satisfying the relation ⍀ crit ͉ m Ͼ⍀ 2 Ͼ⍀ crit ͉ mϪ1 is able to initiate a decay in the mentioned way. The interval of perturbation frequencies
will be evaluated later for the particular experimental conditions under which partial decay of the triple charged OV beam is observed.
III. EXPERIMENTAL CONDITIONS
The OV beam is created by illuminating a photolitographically fabricated CGH of binary type ͑grating period of 20 m) with an Ar ϩ -ion laser beam (ϭ488 nm). The diffraction efficiency at first order is 9%. The first-order background beam with the OV is focused on the entrance of the NLM ͓ethylene glycol dyed with DODCI ͑Lamb-dachrome͒ to reach an absorption coefficient of ␣ ϭ0.107 cm Ϫ1 ͔. The NLM is aligned in the object arm of an interferometer, whereas the zero diffraction order beam ͑without phase singularity͒ passes through the reference arm ͑see Fig. 1 in ͓19͔͒ . The interference pattern is projected directly on a CCD array of a resolution of 13 m.
The pictures shown in Fig. 1 are recorded at a nonlinear propagation path length of 6 cm, at Pϭ72.5 mW, and at the same ͑for the different TCs͒ offsets of the focusing lens with respect to its central alignment. The center of the m-fold charged OV beam can be easily recognized as the point where m neighboring interference lines converge into one. The coexistence of displaced phase dislocations with TCs ͉m͉ϭ2 and ͉m͉ϭ1 as a result of an intentionally caused decay of a triple-charged OV beam is clearly seen ͑the frame in the dashed circle in Fig. 1͒ . A similar picture is recorded at equal but opposite misalignment of the focusing lens, which indicates reproducibility. In view of the theoretical model presented in the preceding section, these pictures can be explained by the saturation of the nonlinearity, which suppresses effectively the DSS instability. As a result, the perturbation can be critical for an OV beam with TC three remaining noncritical for single-and twofold charged OVSs. The further increase of the perturbation results in a complete decay into three single-charged OVSs. It is interesting to note ͑second column of frames in Fig. 1͒ that such a perturbation is still noncritical for OVSs of charge ͉m͉ϭ2. On the other side, for ͉m͉ϭ4 the OV beam decays and the cores of the individual single-charged dark beams appear well separated. The complete decay is observed at approximately the same perturbation that caused only a partial decay of triplecharged OV beam ͑Fig. 1, first column of frames͒.
Another measurement is done in order to estimate quantitatively the saturation intensity I sat ϭ(U 0 2 ) sat . The laser beam ͑without an OV nested in͒ is cut in half by a knife edge and is then imaged near the entrance window of the cell. The near-field beam deflection is measured by direct illumination of the CCD camera located 1.5 cm behind the 10 cm long NLM ͑Fig. 2, squares͒. The same scheme was used by Swartzlander and co-workers to study the self-bending effect in metal vapors ͓25͔ and in experiments on dark spatial soliton formation ͓26͔. The best sigmoidal fit ͑solid line͒ yields a saturation power of P sat ϭS(U 0 2 ) sat ϭ27(Ϯ1) mW (S is the input beam cross section͒. This value is not sensitive to the particular saturation model. At the maximum self-deflection we estimate ͑see ͓25͔͒ that the largest nonlinear correction to the refractive index of the medium reached is ⌬n max ϭ10 Ϫ3 (Ϯ15%). In the notations used in our theoretical analysis ͑see Sec. I͒ f (U 0 2 ) is equal to ⌬n ͓Fig. 2, solid curve; see also Eqs. ͑2.2͒ and ͑2.3͔͒. The dashed curve in Fig. 2 presents the first derivative f Ј(U 0 2 ), the values of which are necessary in evaluating the critical transverse spatial frequency ⍀ crit ͓Eq. ͑2.12͔͒. The procedure described allows us to calculate the power/intensity dependence of ⍀ crit for OVSs with different TCs ͑Fig. 3͒. It is worth noting the following.
͑i͒ Since a single-charged OVS is generated at a power higher than P sat ϭ(SU 0 2 ) sat ͑denoted in Fig. 3 by a vertical 
FIG. 2. Near-field self-deflection ⌬y of a half-cut Ar
ϩ -laser beam after a nonlinear propagation path length of 10 cm ͑squares͒ and fit of the type ⌬yϳU 0 2 /(1ϩU 0 2 /U sat 2 ) 3 ͑solid curve͒. This fit is representative of the nonlinear contribution to the medium refractive index f (U 0 2 ) ͓see Eqs. ͑2.2͒ and ͑2.3͔͒ and for its first derivative f Ј(U 0 dashed line͒ and the soliton constant and background beam power increase with the TC ͓19͔, only the right-hand-side part of the curves in Fig. 3 should be considered in evaluating the OVS modulational stability. The left ones indicate the OV beam critical perturbation frequency in weakly and moderate nonlinear regimes. ͑ii͒ The critical frequency ⍀ crit is different for perturbations initiated at different radial coordinates r. The solid curves in Fig. 3 correspond to rϭr OV , the dashed ones to rϭ0.3r OV . At a fixed input power it is seen that the critical frequency increases as the perturbation approaches the OV beam axis. It is easy to show ͓see Eq. ͑2.12͔͒ that for perturbations arising at a distance shorter than r crit ϭ͓(k 0 /n 0 )U 0 2 f Ј(U 0 2 )͔ Ϫ1 , ⍀ crit is always a positive and fast growing function of the power/intensity above (SU 0 2 ) sat . The OVSs are extremely sensitive to modulations. For our experimental conditions r crit is 20 m and equals the CGH grating period.
͑iii͒ There exists an interval of transverse perturbation frequencies according to Eq. ͑2.13͒. The black arrows on the right side of Fig. 3 are intended to visualize this interval quantitatively for ͉m͉ϭ3 and a perturbation at rϭ0.4r OV . Since a perturbation of frequency ⍀Ͻ⍀ crit (mϭ3) starts to grow exponentially, the triple-charged dark beam decays. However, the critical frequencies ⍀ crit (mϭ1,2) are lower than ⍀ and an intermediate stabilization of the decay at OVSs with charges ͉m 1 ͉ϭ1 and ͉m 2 ͉ϭ2 is possible.
IV. NUMERICAL SIMULATIONS
The analysis presented in Sec. II is based on linearized equations for the evolution of radial perturbations to the amplitude and phase of the soliton. Generally, the perturbations can also depend on the azimuthal angle , i.e., a ϭa(r,,z), ⌽ϭ⌽(r,,z). Unfortunately, such an ansatz and the subsequent linearization result in partial differential equations for the perturbation amplitudes, which should be solved numerically ͓27,28͔. The necessity to study later evolution stages of the vortices and the fact that each initial pure phase ͑or amplitude͒ perturbation develops inevitably both amplitude and phase modulation motivated us to carry out extended numerical simulations based on the GNLSE ͓Eq. ͑2.1͔͒. The latter is solved by a two-dimensional beam propagation method over 1024ϫ1024 grid points. The background beam used is of a super-Gaussian form and has a full width at half maximum ͑FWHM͒ of r BG , which is 45 times larger than that of a single-charged OVS. For a better visualization, the results presented below show some 0.55% of the total area of the computation window only. In the gray-scale phase images, white and black denote phases of 0 and 2, respectively. The position of an OV beam is given by the point around which the phase increases monotonically from 0 to 2.
A. One-dimensional perturbations
In our preceding numerical analyses ͓29͔, we observed that multiple-charged OVSs lose their identity and decay after collision with a ring dark solitary wave ͑RDSW͒. Because of its nonzero transverse velocity ͓30͔, at sufficiently large propagation distance this wave penetrates into the OVS core and initiates an unavoidable instability due to the (1/r) dependence in the critical spatial perturbation frequency ͓Eq. ͑2.12͒; see also Fig. 3͔ . In order to keep the freedom of varying independently its initial position, period, and contrast, we preferred to start the simulations with the onedimensional, initially pure amplitude modulation of the type a͑zϭ0 ͒ϭa 0 cos͕k͑xϩ⌬ ͖͒, ͑4.1͒ ⌽͑zϭ0 ͒ϭ0, where 2/k͓0.1,2͔r BG . The results obtained confirmed that the modulational instability growth rate strongly depends on the position ⌬, at which the perturbation is initiated, and decreases with increasing the saturation. In the rest of this section the data refer to a saturation parameter s ϭI/I sat ϭ0.6.
B. General form of the radial and azimuthal perturbation
In order to keep the correspondence between the present simulations and the theoretical model ͑Sec. II͒ as close as possible, the radial and azimuthal perturbations considered have the form a͑zϭ0 ͒ϭa 0 exp͑im ͒exp͕i͑ KrϪN ͖͒, ͑4.2͒ ⌽͑zϭ0 ͒ϭ⌽ 0 exp͕i͑KrϪN ͖͒, where K and the integer N denote the radial and azimuthal wave numbers of the perturbation, respectively. Before discussing the two particular cases of pure amplitude and pure phase perturbations, it is worth noting that neither of them remain ''pure'' at the later stages of the evolution.
Case 1. Kϭ0, N 0 ͑initial azimuthal perturbation͒. In  Fig. 4 , we have plotted the number of the screw-type phase dislocations clearly identified at a nonlinear propagation distance zϭ5L NL as a function of the azimuthal wave number N. It was found that the instability of the m-fold charged OV beam is observed only in a finite region of values of N. For   FIG. 3 . Power dependence of the critical transverse spatial frequency of the perturbation for different TCs at radial offsets 1.0r OV and 0.3r OV ͑solid and dashed curves͒ from the vortex axis. Vertical dashed line is the saturation power measured ͑see Fig. 2͒ . The arrows indicate the possible interval of perturbation frequencies for which the triple-charged OV beam decays ͓⍀Ͻ⍀ crit (mϭ3)͔ into single-and double-charged OVSs ͓(⍀Ͼ⍀ crit (mϭ1,2)͔.
OVSs with TCs mϭ2 and 3, it terminates at Nϭ4 and 6, respectively. No upper instability limit versus N was reached for the fourfold-charged OVSs at the highest azimuthal wave number of the perturbations N max ϭ8 in the simulations ͑this limit is posed by the fidelity in recognizing clearly the screw phase dislocations at remaining highly overlapped OV-beam cores͒. The straight line mϭN in Fig. 4 is intended to accentuate on the three most important features: At azimuthal wave numbers N less than or equal to the TC m, the OVSs decay topologically into m vortices with unit circulations ͑Fig. 5, first row͒. At Nϭmϩ1, new pairs of phase dislocations are born ͑Fig. 5, second row͒. The higher the TC, the larger the number of the vortices created ͑see Fig. 4͒ . This is a strong indication for the increase of the OVS modulational sensitivity at higher TCs. The transition from topological decay ͑and creation of new dislocations͒ to topological ͑meta͒stability at increased N seems abrupt, thus indicating a maximum of the instability growth rate at NϾmϩ1 ͑see Fig.  4͒ .
Making use of the perturbation ͓Eqs. ͑4.2͔͒ in its general form, with mϭ3, Nϭ1 we observed the seemingly partial decay shown in Fig. 6 . The conditions of this simulation correspond to a relatively low instability growth rate. In the absence of saturation of the nonlinearity, the decay was complete and substantially more strongly pronounced. The saturation ͑even when twice as high as the experimentally estimated value of sϭ0.6) was not able to cancel for the topological instability, but reduced it effectively. The initial perturbation of the background beam, however, corresponds to a ͑single͒ long-period azimuthal modulation forcing the OV beam to steer on the background ͓20,31͔. Because of this, at zϭ4L NL the phase dislocations with mϭ1 and m ϭ2 are considerably offset from the center of the computation window. The same mechanism seems to complete later ͑at zϭ10L NL ) the seemingly partial decay into three singlecharged OV beams, two of them with still highly overlapping cores.
Case 2. K 0, Nϭ0 ͑radial perturbation͒. In this case the theoretical model given in Sec. II should be valid at the initial stage of the evolution of the perturbation. At the later stages, however, we observed an intriguing dynamics strongly influenced by the creation of coaxial RDSWs. Their repulsive mutual interaction ͓32͔, the gray initial conditions of their generation, and the saturation of the nonlinearity resulted in negative initial transverse velocities ͓30,33͔. While decreasing their radii, their contrast increases and the radial phase variation at the RDSW becomes steeper ͓about 0.75 at zϭ5L NL ; Fig. 7͑b͔͒ . The initially decayed and still highly overlapped single-charged OV beams ͓Fig. 7͑a͔͒ experience an increasing radial repulsion from the RDSW and partially recover the multiple-charged state ͓Fig. 7͑b͔͒. This partial decay and recovering appears periodically in z ͑up to zϭ10L NL ͒ with a period of approximately 2L NL . The results presented in Fig. 7 are obtained at an initially pure amplitude radial perturbation of the type ͓a(zϭ0) ϭa 0 exp(im)cos(Kr), ⌽(zϭ0)ϭ0͔. The perturbation in the general form given by Eq. ͑4.2͒ at K 0 and Nϭ0 corresponds to initial amplitude and phase radial modulations. Due to the substantially lower RDSW transverse velocity in this case we observed a decay, however the OV beam cores remained highly overlapped up to 10L NL . Case 3. K 0, N 0 ͑spiral-type perturbation͒. In this case the perturbations have both radial and azimuthal components and show up as spirals starting from the OV-beam center. The results presented below refer to an OV beam with a topological charge mϭ3 and Nϭ6, i.e., to a metastable, at an initial pure azimuthal perturbation ͑see Fig. 4͒ , triple-charged OVS. However, the combined action of radial and azimuthal perturbations forces the dark beam to decay. At a radial perturbation period of 2/KϷr BG /5, three new OV-beam pairs are born at zϭ5L NL ͓Fig. 8͑a͔͒ and the total number of the dislocations becomes nine, while the total TC remains conserved ͓34͔. The six identically charged OV beams form an outward lying hexagon and the three new oppositely charged phase dislocations remain offset, but still located near the beam axis. At 2/KϷ2r BG the strength of the instability is considerably lower, resulting in a decay into three single-charged OV beams ͓Fig. 8͑b͔͒. No new pairs of phase dislocations are born.
The limiting case 2/Kӷr BG , i.e., at K→0, corresponds to a transition to the limit of azimuthal perturbations described in case 1. In the other limit of 2/KϷ0 the radial perturbation period is very high and the perturbation approaches the radial one. The influence of the nonzero azimuthal wave number N, however, is not negligible. At 2/KϷr BG /10 we observed at least 12 screw phase dislocations ͑almost the highest number, which is clearly identified within the discretization used͒.
V. CONCLUSION
We derived a general expression for the critical transverse spatial frequency ⍀ crit for arbitrary charged OVSs imposed to a radial perturbation in a saturable local nonlinear media. The results confirm that saturation is able to suppress the modulational instability. If an instability is initiated, it can result in a partial decay of the highly charged OV beams. This concept is supported by experimental evidence. The measurement of the saturation intensity allowed an estimation of ⍀ crit for the particular experimental conditions. The numerical simulations based on the GNLSE showed a rich variety of instability-evolution scenarios depending on the type of perturbation ͑azimuthal, radial, or mixed͒. The possibility to observe the partial decay as shown in Fig. 1 under saturation of the nonlinearity is confirmed for two different types of perturbations, both ensuring relatively low initial instability growth rates.
